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. Abstract Letr <X, T> be any topological space. We prove that x is a compact ele-
 ment of the lattice <T°, <> if and only if x = X, where x, is a finite subset of X with
. the property (VtExo)'”‘ (VacT°) (teUa = teUa).

' We also prove that in T,-spaces, x is a compact element of the lattice <T°, <> if

and only if x is a finite set of isolated points of <X, T>.

§1. Introduction - Preliminaries. Our sets are these of ZF Set
Theory and are in general denoted by small letters. Still we preserve the
topological notations X, 7, 7¢; <X, T> is any topological space and T® is the
set of its closed subsets. We consider the elementary notions from Topo-
logy and their properties known to the reader. We denote by x and x
the closure and the interior of the subset x of <X, T>, respectively. Com-
pact sets of <X, T> are refered to as topologically compact sets, in order
not to be confused with the compact elements of the lattices <T, c> and

<T¢, <>,

A partia]lyA ordered (p.o.) set is denoted by <a, <>, and a lartice is
| understood to be a p.o. set <a, <>, such that every binary subset of it has
an infimum and a supremum. If a subset b of <a, <> has an infimum and
a supremum, then <a, <> is called a complete lattice. For every topologi-

cal space <X, T>, one can easily show that <T, ©> is a complete lattice and
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that (VbcT-{®}) (vb = Ub and Ab = _r)g) One can also eaSily show that N
<T°, c> is a complete lattice and that (Vb<T*-{®}) (vb = Ub and Ab = Nb).

A hon-empty set b of subsets of a complete lattice <a, <> is called a
cover of an element x of <a, <> if x < vb. An element x of <a, <> is called
compact if every cover of x has a finite subset which is a cover of x A

'+ -.complete lattice <a, <> is called algebraic, if every element of it is the su-
prémum of a set of compact elements of it. The property of being alge-
braic is shared by most of the significant for algebraists lattices (see [l1]).

= For instance the lattice of subuniverses of any algebra, the lattice of

congruences on any algebra, the lattice of normal subgroups of a gfoup,
the lattice of ideals "of a ring or a lattice are all algebraic.

Algebraic lattices are rare in Topology. Specifying the compact ele-
ments of the lattices <T, > and <T¢, <> is still of an interest and helps us
trace the particular topological spaces whose either of the above men-

tioned lattices is algebraic.

The problem of topologically characterising the compact elements of
the lattices <T, c> and <T°, C>, for a given topological space <X, T>, was
posed to the 1991-92 Undergraduate Seminar of Set Theory and Lattices
theory of the Aristotle University of Thessaloniki-Greece, by Dr. C. Kalfa,
‘who had the responsibility of the seminar. The three of us arrived at a

solution, helped by Prof. D. Jancovic. We thank him for his valuable help.

§2. Characterisation of the compact elements of the Ilattices
<T, <> and <T¢, c>.

2.0. Theorem Let <X, T> be a topological-space. x is a compact element

of the lattice <T, <> if and only if x is a topologically compact open set of

<X,T>



Proof 1mrhediate through the fact tha t (VbeP('l')-{¢}) (vb = Ub) |
o _ | 0

2.1. Lemma If y, is a finite subset of a topological space <X, T>, then

~ there exists a subset Xo of yo with the properties

a. Xg = Yo

b. (Vt€xg) (Vsexg) (t*s = t¢{s}a s¢{t})

Proof Consider the equivalence relation r on yq, given by the rule
<t,s>€r=v{s_}={-§. Let z, be any set of representatives of the corresponding

‘equivalence classes. It obviously holds that (i) yo = zo and (ii) (Vtezy)

(Vsezg) (t# s = {t} = ).
Consider, now, €thc set
Xg = {t€zq: {_t—} is a maximal of <{{_t}: tez(;}, c>}.

Xo has the required proﬁerties because:

a. If tezy, then {t} predeceeds or coinsides with a maximal of the
finite p.o. set <{{t}: tezg}, ©> - easy proof by induction. Thus te {s} for
some s€xq. It follows that texg and that a. holds.

b. Let t and s be two distinct elements of xg,. Because of the maxi-
mality of the also distinct {—t} and {?}, we have that {t} £ {s} and {s} £ {t};

so b. holds
]

2.2. Theorem Let <X, T> be a topological space. x is a compact element

of the lattice <T®, <> if and only if there exists a finite subset xy of X ha-
ving the property (Vtexg)(VYacTyteUa = teUa), such that x = X,.

Proof

Let x be a compact element of <T¢, c>. Obviously xcu{{t}: tex}cv{{t}:

tex}. Since {{t}: tex} is a cover of x, there exists a finite subset y, of x,



such_that {{_t—}:.vtEyO’} is a cover of x. Consequently»xcv{{a: t‘€y0} = u{{th:
teye} = yo. From lemma 2.1. it follows that there exists a finite set Xo»

such that xp = x and (Vt€xg) (Vs€xg) (15 = t¢{§}- and s¢ﬁ7).

We prove that, for any texy, {t_} is a compact element of the lattice

<T%, c>: Let a be a cover of {t}. The set
a’=a U {X-{t}}

is a cover of x, because te{tjcUacUa’ and (Vsexg-{t})(sexo-{t})cUa’.
There ex_i_s;s, thus, a finite subset ag of a, such that xCvay = Uag. Because
of the property of Xo, t¢ U{{s}: sexo-{t}} = xo-{t}. Since teUag, t belorigs to
some z€a, {T}Cz=v‘{‘:'z} and {z} is a cover of fa This proves that rt} is com-

pact.

We prove that (Vtexp)(VacT)teUa = teUa): If texg, acT® and
teUa, then {t}cva. Since {t} is compact, there is a finite a;Ca, such that

{t}cvay = UagcUa . It follows that teUa.

We have proved direction "=" of Theorem 2.2. The converse direc-
tion is left to the reader.

O

In any topological space <X, T> an isolated point t has the property
(VacT®)(te Ua=te Ua) (1)

because {t} is an open neighbourhood of t, so teUa = {t}n(Ua) = ¢ =
teUa. In general, property (1) doesn’t characterise the isolated points of
any topological space - for instance, both x and y are not isolated points
of <{x, vy}, {®, {x, y}}>, but have property (1). We observe that when <X,

T> is a T;-space, property (1) is a characteristic property of the isolated



points of it. ‘This is so, because if t has property (1) and t is not isolated,
then {t}¢T and X-{t}¢Tc. The set {{s}: s€X-{t}} contains only closed sets
and teX = X-{t} = U{{s}: seX-{t}} = teu{{s}: seX-{t}} = X-{t}, which is ab-

. surd So if t has property (1) , then it is isolated.

Th1s remark together with the fact that finite sets of T;-spaces are

e_losed, helps us simplify in the case of T;- -spaces the characterisation of

g e-compact elements of <T°, c> provided by theorem 2.2., as follows:

2.3. Corollary Let <X, T> be a Ty-space. x is a compact element of the

lattice <T°¢, > if and only if x is a finite set of isolated points of <X, T>.
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